Abstract. Let M be a germ of a smooth CR manifold of hypersurface type of dimension 2n + 1 in a sphere S of dimension 2N + 1 with n < N. In this paper, we show that if M is rigid and if N − n < n/2, then there exists a complex manifold V of (complex) dimension n + 1 intersecting S transversally such that M = S ∩ V . As a consequence, we show that M is real analytic.
Introduction
Let M be a smooth real manifold of dimension 2n + 1 in C N +1 with 1 ≤ n ≤ N . M is called a CR manifold of hypersurface type or CR hypersurface for short if the real dimension of T c x M := T x M ∩ JT x M is equal to n for all x ∈ M , where J is the standard complex structure of C N +1 . Among CR hypersurfaces, the unit sphere S is the simplest one. Moreover, it plays a role analogous to that of Euclidean space in Riemannian geometry as Chern and Moser emphasized in [CM74] .
One of the fundamental results in Riemannian geometry is the isometric embedding theorem into Euclidean spaces. It says that any smooth Riemannian manifold is locally embeddable into Euclidean spaces of sufficiently high dimension. But the corresponding theorem for CR geometry does not hold. In CR geometry, non-embeddable CR hypersurface into spheres is generic, as is seen in [Far88] and [Forst86] . Moreover, there is a C ω CR hypersurface which is not embeddable into spheres of any (finite) dimension ( [Z] ). Recently, in [KO] , the authors found necessary and sufficient conditions for a smooth CR hypersurface to be embeddable into a sphere in terms of Chern-Moser curvature tensors and their derivatives.
In this paper, we study CR hypersurfaces in S. One example is a transversal intersection of S and a complex manifold. Conversely, one may ask whether any CR hypersurface in S is a transversal intersection of S and a complex manifold. In this paper we give a partial answer to this question.
Let M be a germ of a CR hypersurface through p. A smooth tangent vector field on M is called an infinitesimal CR automorphism if its flow generates a 1-parameter family of CR automorphisms. M is said to be rigid if there exists an infinitesimal CR automorphism X such that X(p) ⊥ T c p (M ). Our main result is the following. If M is not rigid, then there is a counterexample due to Huang. For a smooth function f (w) = e −1/w , the CR hypersurface M defined by
is CR embeddable into S 5 but not real analytic. The idea of the proof is to show that any nowhere-vanishing infinitesimal CR automorphism of M in S extends locally to an infinitesimal CR automorphism of S and therefore is real analytically extendable. To show this, we use the rigidity of CR embeddings into spheres proved in [Web79] and [EHZ02] . That is, any two germs of CR hypersurfaces in S of sufficiently small codimension with equivalent CR structure can be mapped to each other by a CR automorphism of S. Since a nowhere-vanishing CR automorphism of M extends real analytically to a neighborhood, M is foliated by real analytic curves. Then by complexifying these curves, we extend the CR structure of M to a complex structure of M × ( , ) to obtain the desired complex manifold V .
In §1, we review basic notions and the rigidity of CR embeddings into spheres. Then we state a further result (Theorem 4). In §2, we prove Theorem 4. As a corollary, we prove Theorem 1.
Throughout this paper we use the summation convention with the following ranges for indices:
We raise and lower indices of tensors using the matrix (g IJ ), which will be defined in §1.
Preliminaries and a further result
In this section we review CR geometry and rigidity of CR embedding maps into spheres. Then we state a further result. We refer to [EHZ02] and [KO] for details.
In homogeneous coordinates z m = ζ m /ζ 0 , we may regard S 2N +1 as a submanifold of P N +1 defined by (ζ, ζ) = 0, where
( , ) is a hermitian form of the signature (N + 1, 1).
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A projective frame
At each point p ∈ S 2N +1 , we define Z 0 := p to be the position vector and choose
and a real tangent vector to S 2N +1 at p. In addition to Z 0 and Z * , we choose N other linearly independent complex tangent vectors
Such a frame shall be called an S 2N +1 -frame. S 2N +1 -frames are unique up to a special unitary group SU(N +1, 1) with respect to the form (ζ, ζ). Define a Hermitian matrix (g IJ ), where
Then a transformation matrix U from one frame to another satisfies UgU * = g, where g = (g IJ ). We may assume that for all α and b, it holds that
In view of (1.1) and (1.2), π satisfies
where ϕ is a real 1-form and (g αβ ) is a submatrix of (g IJ ). (g αβ ) represents the Levi form of M 2n+1 . We can choose an adapted S 2N +1 -frame so that on M 2n+1 , it holds that
The exterior derivative of (1.3) gives the structure equation 
. By differentiating (1.4) and (1.5), we obtain
Again by Cartan's lemma we obtain 
Now we state our main theorem.
Theorem 4. Let M = M 2n+1 be a germ of a rigid CR hypersurface in S = S 2N +1
with s-degeneracy. Suppose that N − n − s < n/2. Then there exists a germ of a complex manifold V of dimension n + 1 intersecting S transversally such that M = S ∩ V . As a consequence, M 2n+1 is real analytic.
Proof of the main theorem
Let M = M 2n+1 be a germ of a smooth CR hypersurface through p in S = S
2N +1
with s-degeneracy such that N −n−s < n/2. By Theorem 2, there exists a complex plane P of codimension s such that M ⊂ S ∩ P . By replacing S by S ∩ P , we may assume that M is finitely nondegenerate in S 2(N −s)+1 . From now on we assume that M is finitely nondegenerate in S with N −n < n/2. Assume further that M is rigid. Choose an infinitesimal CR automorphism X of M such that X(p) ⊥ T c p (M ). We assume that M and X are well defined in a suitable open neighborhood of p and X is nowhere vanishing. Let {f t } be the 1-parameter family of CR automorphisms of M such that
By Theorem 3, we can choose a 1-parameter family of CR automorphisms {φ t } of S such that f t = φ t • f 0 .
Lemma 1. φ 0 = id and φ t depends smoothly on t.
Proof.
Choose an open set U in M and an integer k 0 ≥ 2 such that on U we have
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Choose an S-frame adapted to M and integers r 2 < · · · < r k 0 = N such that on U, it holds that for k ≤ k 0 ,
Note that on U we have span{φ t * (Z a ), a = n + 1, . . . , r k } = span{Z a , a = n + 1, . . . , r k }.
Since f t = φ t • f , where φ t is an automorphism of S, there exists a 1-parameter family of matrix
where (π J I ) is the Maurer-Cartan form of S. To prove the lemma, it is enough to show that U 0 = id and U t depends smoothly on t.
Fix t and let
Since t is fixed, we denote U t by (U 
We claim that for any j,
To prove the claim, we will use induction on j. Let j = 0. Differentiate the equation f t (x) M depends smoothly on t for fixed x ∈ U. Therefore we have that U 0 = id and that U t depends smoothly on t.
Now consider a 1-parameter family of CR automorphisms {φ t }. Then by differentiation, we obtain an infinitesimal CR automorphism X of S. It can be seen from the Chern-Moser theory ( [CM74] ) that any nonvanishing infinitesimal CR automorphism of S is real analytic. Therefore, after shrinking a neighborhood if necessary, we may assume that X is written as
where h j , j = 1, . . . , N + 1, are holomorphic functions ( [BER99] ). Let
Since X(p) is transverse to T Proof. The proof of the lemma is a modification of straightening infinitesimal the CR automorphisms transversal to the CR structure given in [BR] .
Assume that p = 0. Choose a smooth submanifold U ⊂ M of dimension 2n containing 0 and a complex disc Δ ⊂ C of radius such that T 0 (U ) = T c 0 (M ) and the map Φ defined by Choose linearly independent smooth vector fields
We may assume that
where we use (x, t) = (x 1 , . . . , x 2n , t) as coordinates of U × (− , ) and 
By the Newlander-Nirenberg Theorem, U × Δ is a complex manifold of (complex) dimension n + 1. We will show that Φ is a holomorphic map into C N +1 . To show this, it is enough to show that Φ * ( L j ), j = 1, . . . , n, and Φ * ∂ ∂w are (1, 0) vector fields in C N +1 . Since Y is a holomorphic vector field in C N +1 , for each small s, G s is the restriction of a holomorphic map to V . Since Φ * (L j ) is a (1, 0) vector field on M and since Φ * ( L j (x, w) 
we can see that Φ * ( L j ), j = 1, . . . , n, are (1, 0) vector fields in C N +1 .
